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ABSTRACT 

The frequenc1 (or phase velocit7) or axiall7 symmetric tree 

vibrations in an elastic, isotropic circular cylinder or medium 

thickness is studied on the basis of the three-dimensional linear 

theory of elasticity and also on the basis or several different 

shell theories o To be in good agre.ement w1 th the solution or the 

three-dimensional equations for short wave lengths, an approximate 

theory has to include the infiuenc.e. of.. rotatory inertia and transverse 

shear deformation for example in a manner similar as in Miftdlin's 

plate theory o A shell theory of this. (Timoshenko) type is deduced 

from the three-dimensional elasticit7 theoryo From a comparison or 

phase velocities it appears that, to a good approximation, membrane 

and curvature effects on one hand and flexural, rotatory inertia and 

shear deformation effects, on the other hand, are mutually ~Xclusive 

in two ranges of wave lengths, separated b7 a •transition• wave 

lengtho Thus, in the full range or wave lengths, the associated lowest 

phase velocities may be determined on the basis of the membrane shell 

theory- (for wave lengths larger than the transition wave length) and 

on the basis of Mj.ndlin's plate theory (for wave lengths smaller than 

the transition wave length) • 
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IHTRODUCTION 

Due to a rapidly increasing technological importance, considerable 

attenti.on has ueen given during recent Jfars to the analysis of shells and 

the literature on shell theory grows at an accelerated rate. In the course 

of reconsideration and refinement of the existinr theories, in part j_cula.r 

that of Love (l)(l), various objections have been raised as to the method 

of deriving a shell theory and also as t o the resulting equations. It was 

emphasized by Vlasov (2), .for exa1nple, that certatn shell theories are in 

contradiction to the principle of conservation of energy and, also,that the 

approximations, introduced in the course of the development, are sometimes 

dealt with subsequently in a non-consistent manner. 

Systematic procedures for deducing shell theories of various degree 

of accuracy, starting from three-dimensional equations, were discussed by a 

variety of authors, for example by Hildebrand, Reissner and Thomas (J) and 

by Kennard ( 4, 5)., the latter basine his development on the work of gpstein 

(6). Several such theories have been compared with one another recently by 

Naghdi and Berry (7) in a qualitative manner, but the authors, in their own 

judgement, did not succeed in arriving at definite conclusions concerning 

the relative mer:i.ts of the different approximations used by various authors 

in the classical theory of shells . 

Thus, the state of knowledge, briefly described above, definitely 

calls for the establishment of criteria for the range of applicability of 

the various shell theorieso Solutions obtained by different shell theories 

(l)Numbers in parentheses refer to the Bibliography at the end of the paper. 
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should be compared not only on a relative basis., but also with solutions 

trom the three-dimensional linear theory or elasticity. 

Reviewing recently a controversial paper by Hwang (8) on the subject 

of shell theories, where the correctness of various approaches was questioned, 

Truesdell (9) appraised the situation b7 stating that in his opinion "all 

work on this subject is purely formal, and the various results obtained b7 

ditf erent perturbation processes cannot be shown to be right or wrong by the 

a priori arguments always employed. What is lacking is a mathematical theorem 

making precise the status of solutions of any given set of proposed equations 

with respect to corresponding solutions of the three-dimensional theory." 

The present paper is intended to be a first contribution in this 

direction. In it, no precise criteria or theorems are established; however 

certain quantitative though .limited information is deduced. Comparing, for 

the first time, solutions or the three-dimensional theory with solutions or 

shell theories it was natural to start out by considering a simple a problem 

as possible. As far as the geometry or the shell is concerned, a circular 

cylindrical shell was selected, and since the authors were interested in the 

dynamic behavior of the shell, free, axially symmetric vibrations (or waves) 

were studied. Furthermore, it was decided to test merely several field 

equations, such that the shell was considered as being infinite. The import

ant and typical question of the edge effect in shell theory was thus not 

raised at present at all. 

An analysis or traveling waves in a circular cylinder on the basis of 

the three-dimensional theory was carried_ out by Fay (10), but his results were 

not used, because it was noticed that an error has slipped into his development. 

I' 
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Thus, the derivation of the rrequency equation is presented briefiy in the 

tirst section of this paper. A more complete discussion or this three

dimensional theory, including the. trans.illon to the two limiting cases ot 

a fiat plate (Rayleigh-Lamb s.olut:ton (11, 12)) and. of a solid rod (Poch

hammer solution (13)), as well as the question of parasitic modes found by 

Fay (10), will be taken up by the present authors in a separate paper, 

Free motions in a cylinder using shell theories were analyzed by 

Rayleigh (14), and more recently by Baron and Bleich (15) and by Junger 

and Rosato (16), but since only membrane effects or, in addition, bending 

effects were taken into account, the results cannot be expected to be 

valid for the full frequency range, that is for very short wave lengths. 

Being guided by the work of Mindlin (17) in the theory of plates, 

which includes in addition to the classical terms (flexural stiffness and 

transverse inertia), terms accounting for transverse shear deformation 

and rotatory inertia, an analog.ous shell theory was deduced for axially 

symmetric motions in a cylinder. Thua, in addition to the terms bf the 

classical shell the.ory, ( compressional and flexural stiffness, transverse 

and longitudinal inert.ia), the equations derived presently include the 

effect, of transverse shear deformation, introduced previously into more 

general shell equations of equilibrium by Hildebrand, Reis•ner and Thomas 

(3), and the effect of rotatory inertia. 

The effect of these various terms on the velocity of traveling 

waves in a cylinder is analyzed and in each case the transition to a 

fiat plate is performedo The "shear deflection coefficient,• appearing 

in the relation between average transverse shear stress and strain was 

determined in two ways analoious to Jlindlin (17). 

I 
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Computations or the lowest wave velocity as a function or the wave 

length were made for a shell or thickness to radius ratio of 1/30. It was 

found that excellent agreement between the approximate and the exact solu

tion may be reached for the full frequency range, b7 including in a shell 

theor, all the effects mentioned above. 

Two fairl7 distinct t7Pes of shell behavior were established. For 

wave lengths larger than a certain •transition" (relative) length, the com

pressional. stiffness is predominant and the membrane theory gives good 

results. For wave lengths smaller than this transition length, the shell 

behaves essentially like a plate and, for good results, calls for inclusion 

or transverse shear deformation and rotatory inertia effects. Thus, the 

use or bending theory of shells appears to be of little value. In the full 

frequency range, vibrations or a shell may be described with good accuracy 

b7 the membrane theory and b7 Mindlin's plate theorJ. It ma7 be expected, 

that this statement will not be valid for non-axially symmetric motions, 

which will be studied b7 the present authors in a forthcoming paper. 

Since interest concentrated at present on free vibration solutions, 

no attention was given to terms arising from external loading and no energy 

functions were constructed, which would permit the establishement of 

appropriate initial and boundary conditions, sufficient to assure a unique 

solution. Furthermore, attention was restricted to the lower mode only and 

no mode shapes were investigated. It is intended, however, to study these 

questions, when dealing with a more general theory of cylindrical shells, 

valid for non axially-symmetric motions. 

• 
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SOLUTION BI TR! THREE-DIMENSIONAi, THEORY 

The circular c,lindrical shell of inner radius a and outer radiua b, 

is referred to cylindrical coordinates r, 9', X
I 

the x-axis coinciding with 

the axis of the shell. Designating bf U,_ , U,, u, the components of the dis

placement in this coordinate system, attention will be given to axially 

symmetric motions only, that is to 

U = 0 ,. ) [l] 

The linear elasticity equations ot motion, for a homogeneous, isotropic shell 

material obeying Hooke's law, may then be given in the form 

( .A + 2 .u) ~ + 2. µ. )w, = o i; 
'/ ~r / Tx · •· "" 

(A +J)'-) ~ - 2~ !.. (rw,.) = p u. 
)x ~ )r-

where the dilation ~ is 

and the rotation '0
1 

w,. = 

A>f-are Lame' s constants and p is the mass density. Dots indicate 

differentiation with respect to time, t. 

[ 2] 

[3] 

[4] 

Since the shell is assumed to be free from surface tractions, the 

boundary conditions, to be imposed on the cylindrical. surfac£ of the shell, 

are 

For t' = a, b . 0 [5] 

I 
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In solving the equations of motion [ 2], it ia round more convenient 

to consider c1 and w, as the dependent variables, rather than 

The equations [2] take then the form 

i6 L1 + l )l1 +- )2..d 
~rl r' fr= lx1 

p ,1~ 
A+.2)' W 

~,. + .!. 4w, _ w,. + lw,. _ P J'w,. 
ar-t ,.. Tr ;:a rx1 ~ ~ta 
Assuming the motion to be harmonic 

w, 

--
- i(wt-O(x) 
l1 e 
- e i (wt-oo<) 

= w,. 

Ur and U,c' 

[6] 

[7] 

where Wis the circular frequency and 0( the phase function, related to 

the phase velocity C by 

o( = w/c [8] 

the equations of motion [6] become 

'/J -
+ liJ. .,.. J. )'1 - 0 

1? - [9) r )r 

~i;;. 
~# 

2- 0 I - w,. ;- '( w,. = _.,. + -~r' ,.. or' --, r 
where 

/ a ( I I ) - w c' - C' -
C 

).( I I) [10] 2. y w ca - ci 
s 

and ~ ) ~ are the phase velocities of compressional and shear waves, 

respectively 

Ca = 
s 

ci -
C (11] 

.I 

,. 
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Equations [9] are or the Be•sel type, and 4 and '1aust be taken propor

tional to the Bessel functions r l 'r ),, y (ftt)and :r c, ~) ) y (r r) 
o r.. , o r , , , 

respectively. The displacements U" > U,c themselves, in view of the relations 

[3] and [4], become therefore 

where A, B, C and D are arbitrary cons.tants of integration. 

The boundary conditions [SJ in terms of the displacements will be 

For r = Q) b : 

~ ,1 ~ 1/"" ~.. = 0 
~r 

/'-(~ t ~i) = 0 ,x )r-

[13] 

These four boundary conditions yield four homogeneous, algebraic equations 

in the constants A, B, C and D. For a non-trivial solution, the vanishing 

of their determinant is required1 which results in the characteristic 

equation 

f(K) =[K,0 (!J~1(r) + K_,(fJ~.(f) +(r/TT~rqb) 

+ F ~.(rJK.,(/J + (1/F) ~,(~>K,.M] 
- [(1-1- 8) /yq b ][Q KIO (f) T' b ~' {')] ~' M 

(14) 

-[{1+ 8) /FrQb][oi K,. (t) + b K.,M] K,,(J) 
+ [(1+ Bt/r,~b] K,, (~) ~. M 

= 0 

l ~ 
I . 

e 

I 

ij 
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where 

K'",. (l) - r (1b) Y (~Q) - ~ (!ot) '{_ {1b) - ,._ " ~ 
l .a a ) p - 0( (£. - ' - C' 

Ya 
C 1 [15) - o<\ £2 - I) -

- l ~ 
8 - ~ - I - 2c 1 

F - S«at/r( -
It may be of interest to note that the .. last three terms of the characteristic 

equation [14] appear to have been omitted by FayUO)o 

For computational purposes, the equation [14] is written conveniently 

in two different forms, de.pending upon.£~ Io In the range £ <: I 
Cs c; 

the arguments of the Bessel functions become imaginary and equation [14) 

takes the form 

f (1>1) = [ M,oCf)M
01

(Y) 1- ,.,U1JM,,(Y) - (2/f 'rab) 

- F M,,(i) M0//J -(1/F)lll,,(f HtlrJ] 

- [(1,.. 8 JI io, b ][ ~ M,, (1) - h t•,t, (f J]fv1,,(i) [16] 

-1- [0-1-8)/F~Qb][Cl t0Ji)- bAt(f)]M,,{f) 

. T [(1-t· 8 /IF i 2GJ b] tvl,, (ft) M,, (i) 
= 0 
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where 

[17] 

[h (l) and Kh (l)are the Modified Bessel Functions of the first and second 

kind, in the notation or Watson (18). 

In the range I <: f <: f. , f is imaginary- and '( is real, 
cs cc 

Equation [14] may then be written in the form 

f (K, M) = [ M,.{P)K_,(r) -M,,,(fJ~
0
M+(*l1ff rQb) 

- F M
00

(J)K,,{r) +(1/F)M,,{f)K0Ji}] 
[18] 

-rn+ 6 )/yQb ][ qM,. {1) - b M
01
(f J]K,,{r) 

-[0-r BJ/pyqb][ ar K,.(r) + b 1<
01

(rJ]tv1,,(J} 

+ [(!+ 8//p /Qb] t-1/,, {/) K,, (r) 
= 0 

where --F [19] 

Solving equations [16] and [18], respectively, the phase velocity S: f. 
Cs 

versus d = b. (with ll: 0•3, !! = .!. ) is plotted as curve @ in Fig. 1. 
L R 30 

For sufficiently thin shells, the arguments or the Bessel functions 

appearing in the characteristic equation [16] become very large and a simpli

fication can be made by expanding these functions asymptotically. In this 

case the frequency equation appears in the much simpler form: 

I 

I ' 

•> 

'I 
I 
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2 [ cosh f h cosh f h - t] 

( F ..- :b-) s;nh J h Sihh ih 
F 

+ [~t-6l/fr 1ab]Si11hJhsihhih 

+ [ (l-1-B)h j¥crb] Sihh ih cosh/h 

[(,+ 6)h / fiab] s;rih 1 h cosh ih 

where h is the thickness or the shell, 

Limiting Velocities 
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(20) 

=o 

For veey short wave lengths, hOC'-,~ thus'ft• 00) Y• oo, and for very 

large arguments sinh z ""Cosh z. Hence the frequency equation [20] takes 

the form 

2 (F+-fr) :0 

that is 
-
F = 

or 

[21] 

where s -- C 

cs 
n 

2 = cc 
2 

= 2. (,- "> I c, -u J [ 221 c; 
Expression [21] is the equation for the velocity of Rayleigh surface waves. 

Thus, very short waves are propagated in the shell with the same velocity as 

in a plate, the latter case having been investigated by Lamb (12). 

r\1 
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For very long wave lengths, hoc • O and hence, in the limit, 

P • 0 J t • 0 • It mq be seen that in this case £ > I • The arguments 
cs 

ot the Bessel functions become then very large and on expressing these 

functions again in asyaptotic tonn, the frequency equation (14] reduces in 

the limit to 

or 

that ie 

( ~: - 1)(8- ,) - 2 Bl = 0 > 
C 

2 c,-..jl > 

e/p 
(23] 

which is the "bar• velocity, as it is well known tran elementary bar theory 

and as it was determined by Pochhammer (13) for the analogous limiting case 

in his study or motions or solid cylinders. 

Thickness-Shear Motion 

If the displacement components, in addition to assumptions (1], are 

restricted still further by req~iring 

!- = 0 
)X 

the possible motion is designated as thickness-shear motion (17). The 

equations of motion [2] simplify then to 
. 2 

C 2 [ ~ U,c + .J_ d u JC ] 

s ~r2 r ~r 

Assuming the motion to be periodic 

[24] 

[25] 

u~(r-)t) = F(r)e'~t 

equation [25) reduces to 

(26) 
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d1
F - + ..!.. if. +- ~

2 

F = o 
d r- 1 r dr ca s 

[27] 

which is a Bessel equation or zero order. Imposing boundary conditions 

analogous to [13] (traction-tree surracee}, the resulting frequency 

equation may be put into the form 

r, (U) - J(X) 
Y(Xi) 

- I -

y (X) 
I I 

[28] 

where Q/b '- --
- wb/c5 A -- [29] 

-
Thus, for a given value of .-f<. , A can be determined and hence W. 

For thin shells, the arguments or Bessel functions in equation 

[28] become large and the frequency may be computed from the simplified 

equation 

[30] 

which was obtained after representing the Bessel functions by asymptotic 

expansionso The lowest frequency from [30) is 

W = Jr Cs 
h 

(31] 

which is identical. to the one obtained in studying the corresponding 

motion of a nat plate, see (12} and also (17). 

I 
I 
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APPROIIMATE SBltL TBIORIES 

In the theory ot 1hells,it is cuatoury to emplOJ' a coordinate s,ste•, 

formed b7 two axes being in the 1111.ddle curtace or the shell and the third 

a,c is being normal to the middle surf ace. Thus, the coordinates will now be 

t,aken as X > (J: l X being still in the axial direction ot the cy'lindrical 
) ) 

shell and the nev 1-coordinate being 

~ = r-R 

where R = a+ b 1a the. •an radius ot the shell, 
2 

Stress-Equations ot Motion 

(32] 

ror the case ot. axial symetr,, the stress equations or motion ma, 

then be written as 

)a;K ~a;, d;, ., 

~x 
... -f- ·= f UJC (33] » R+i-

~a;, .,.. ,a;. + a;i - c,;o, = ru. -)! Tx R +l 

It is now &SSUJlled, that the displacements U,c and U,. ot the three

dillensional theory may be approximated by displacements U and W , whose 
~ . 

dependence through the thickness h ot the shell shall be 1pecif'ied in the 

fora 

U" : iA(X, t) r l ~ (X) t) 

u
1 

- w-(x,t) 
[34] 

The shell stress-equations ot. motion are obtained by substituting in 

equations [JJ] Ux, U• by a,c > U
1 

, respectively, multiplying the 

first and the second by (R +l) and the second ot equations [33] bf~ (R+l) 

and integrating through the allell thickness h , from ~ = - h to l = h . 
2 2 
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The justification -tor the multiplication mentioned above stems trom energy 

considerations vh~ch shall be discussed b7 the authors elsehvere. 

The resulting equations are: 
' h' .• ' .. ) 

Mu - 011 = PiI (~ + R"' 
Q._' - .! N ..... :: phw-
~ R PV ha ., 

"'·: = p h ( i; ... ;r R 'fie ) 

[3,] 

where use has been made ot the fact that the shell is free fran surface 

tractions., 1. e. a;, : ~i = 0 on 

entiation with respect to x. 

~ = ~ b . Primes indicate difter
.2 

The stress resultants {or shell stresses) are defined by the 

following integrals: 
h 

Nxx - fi ~ (1+ !. ) dr - Xx R -h 
i 

~ 

N,, - _Ji a-;, di [36] - - ., 
~ I l d: (l+!)d1 Q )( - -~ - )(I R. 
- I, 
2. -

Mu - -~[1 a: (1+!)rd1 .. ><x R 
l 

In case ot equilibrium, i.e. if all the time derivatives vanish., 

the equations [35] represent a special case of a more general shell theory, 

deduced by Hildebrand, Reissner and Thomas (3), Ir the radius (ot curvature) 

R tends to infinity, that is., the shell approaches a flat plate, the first 

two equations or the set [3$] reduce to those derived by Mindlin (17), which 

govern flexural motions of plates., including the innuence of rotatory inertia 

and shear. The third equation represents longitudinal motions of the plate, 
s 

which are not coupled to flexural motions. The terms with ph represent the 

infiuence of rotatory inertia, It is seen., that there. are altogether three 

I 

ij 

-
I .., . 
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such teru. The tera phw-represents trans verse inertia am the tel'll ph w 
ia longitudinal inertia. 

Stress-Displacement Relations 

The relation between. the shell stresses defined b1 the set [ 36] 

and shell displace•nts introduced by [.34], will be derived, starting from 

the stress-strain relations or an isotropic three-dimensional solid obeying 

Hooke's lav. It the relation tor a;, is solved ~~r ~
1

and then substituted 

into the relatiomtor the other two normal stress components, the result is 

a:x" = £ (e +lJe ) +~ a: 
" (I -ll 1) x ,c 'H I-)) l i 

a:A = L (e + lJ e. ) + L a: 
vv (1--v'J Ht- 1(,C ,-v l-! 

(37) 

where Eis Young's modulus and )I Poisson's ratio. This procedure is 

justified b7 observing that e,, would vanish on the basis ot the rorm given 

to the transverse displacement W-~ On the other hand, unrestrained effect 

of Poisson's ratio will take place in the actual shell in the z-direction. 

These two mutuall1 exclusive requirements may be reconciled b7 eliminating 

e
11 

from the stress-strain relations in the manner described above, 

In additi9n to_ the normal. stresses, the shear stress <J;t is needed, 

which is __ related_ to the. shear deformation ~ -• b1 

[38] 

where G is the shaar. modulus. With the aid of the strain displacement 

relations 

ex~ ~~ 
~x [39] 

eH u, /(R-t-r) -
¥xi - ~'-'" + )Ul - ~!- ~ 

7 

i 

ij 

·-
',. 
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the approxiaate strains are eYaluated uaing aaaumptions [Jb] and substituted 

into the streas.-strain relations [37], [J8]. Then, integrations are carried 

out as specified b7 the forms [J6]. The results are modified in three 

respects, 

1. The integrals containing CJ;
1
are Ollitted, just as in the classical 

beam or plate theories. 

2. The integraJ containing t is multiplied by a constant 1<1 

XI 

(the shear coetticient), to be determined later. 

J. Logarithmic tenu occuring in the integration are expanded in 

series or ascending powers of h. and terms higher than the cubic one are 
R. 

neglected. 

The resulting shell stress-dis.placement relations are 

N,, 

.-

where D is the plate modulus 

J) = EA 
3 

12 (1-,J'J 

(40] 

(41] 

Substituting the stress displacement relations (40] into the stress 

equations of motion, displacement equations of motion are obtained, which 

may be put in the form 

1, 

I 
I 
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i 

[ D ~ f_l / ] [ E. ')) , ] [ " 1 
] o ~2 - - -t' tf- ..,. :L. - w- + E. L - f h L u = o " ,, R ~ J( R ,x P )x2 )ta 

s [42) 
I is the moment or inertia b. ,and C, is the plate compressional modulus, 

12 

EP = Eh /(1-1/) 

This form is convenient in the discussion of the physical significance 

of the terms infiuencing the motione There are three stiffnesses involved, D 

representing the influence or flexural, EP of compressional and G or trans

verse shear stiffness, respec.tively. In addition, there are three inertia 

terms involved, fI representing the influence or rotatory inertia,fh in the 

second equation representing transverse inertia and fh in the third equation 

representing longitudinal inertia. The rotation If. is coupled to the trans

verse displacement f..(J'"through the transverse shear stiffness and to the long

itudinal displacement U through flexural stiffness and rotatory inertiao 

The coupling between displacements U and W- is, essentially, both a 

Poisson's ratio, and a curvature effect. 

For a thin shell, terms with D/R and I /R may be omitted, because 

D and I are proportional to the cube of the shell thickness h. As is seen 

from equations [42], the suppression of infiuence of flexural stiffness and 

rotatory inertia implies the assumption of a thin shell, but not vice versa, 

becau,e in the first bracket of the first equation [42], D-and I-terms are 

unaffected by the curvature '/F<. o. For a thin shell we have then 
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=o 

+ [ E, - xaGI, t_ -t-fh t. ]w- +[E;ll !. ]LA= o 
i5 ))I' ~t· 7f ~" 

[ ~ tl IV" + [ E, ?1 -ph t,J l,f : 0 
R X ~t (43] 

and there is no direct coupling betnen ~ and W • Going one step further, 

the shell can be aade to approach a fiat plate, that is R • oo • The first 

tvo equations reduce then to Hindlin' s plate theor, (17) and the last, not 

coupled to the first tvo, is the classical equation for compressional motion, 

in a plate, 

Wishing to suppress, in tbe more complete equations [42], the influence 

ot transverse shear, we ma7 not set the terms with G simply equal to zero in 

those equations, because these terms represent the transverse shear force, 

while we wish to neglect tranaverse shear deformation, which is ettected by 

setting 

I 
- fA.r [44) 

There will be thus onl.J tvo displacement components lett and the terms with 

G and Y'w Jll&1 be al:fm1oated with the aid or the above relation (44). The 
)C 

result ia 

(451 

' ' 
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In these equations, the stittne11 tenns are those ot the bending theory ot 

shells, see for example nugge (20) or Vlasov (2). 

ror thin shells, l>/R: I IR :O, the7 reduce to 

:::0 
(46] 

:0 

If the rotatory inertia term is neglected and the transition to a 

fiat plate is pertormed ( R. • "° ) , the two motions in w and U bec0111 

again uncoupled, The motion ot t.v will be governed by the classical bending 

theory of plates and the motion ot U will be ~ain that of classical com

pres~ional theory. 

If, instead, the rotatory inertia term and the nexural stittness 

term are neglected in equations (46], the result is 

+ [~!.Ju 
R ~x 

0 
(47] 

which repreaents the familiar membrane theory of shells. 

WAVE SOLUTIONS 

We consider now the propagation of free harmonic waves and seek 

solutions of shell equations in the form 

TV e i(wt- oo<) ~ (x> t) == 1 
We ,·(wt- oo<) 

w-(x, t) = 

U e ,·cwt-ooc) u ex) t) = 

(48] 



I 

f 
I 
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Designating b7 t the wave length, the natural frequenc7 wand the wave 

number 0(, are related to the phase velocit7 C by 

4) = 2-rc 0( - 21T' - -- ) 

L L 
Introducing, further, the notation 

m - h/R 
s C /Cs 

f - h/L -
N I /(t-lJ) 

[49) 

(50) 

and substituting forms [48] into the most complete shell equations [42] of 

the present investigation, the characteristic equation is calculated to be 

2 l [ 2 l r l & I r 2 l( 1 Jc ). ) J. d (_2 N- SJ J+ Tr X o - J/. TT S o + 2 N n, I+~ ) ,- t!2_ 
3 ll 12 

[51) 

a 
There are thus three roots .for S , but attention will be given only 

to the smallest one. In the whole range O <. f <OO, the values obtained 

dHfered too 1 it tle from those obtained by the solution of three-dimensional 

equations, to be discerned on the scale of Fig. 1. Thus, curve © in Fig. 1 

represents also a solution of equation (51] •. Numerically largest discrepancies 

between the two solutions were obtained in the neighborhood of the minimum 

value, which may be due to a coupling effect with purely radial vibrationsc 

The limiting velocities may be evaluated directly from equation (51). 

For very long waves, d• O, the limiting velocity is 

$
1 

- [ :J.(l+Y) + 1'r1
1 /6&-)))] /(1+-~

1
) 



It• is small as coapared to unity, 
I 

S = 2(1+11) 

which coincides with the exact solution, given b7 equation (23]. 

For very short waves, f • oo , equation [ 51] reduces to 

(2N-s')l(Ka_s') :0 

whatever the shell parameter m. 

-21-

[S2] 

a 
The double root S : 2Nbelongs to the two higher modes and will not 

a a 
be discussed preaently. The root S = k belongs to the lower mode and the 

coefficient )( may be now detentined, precisely as in Mindlin's plate th.eory 

(17), that is by matching the velocity obtained above, with the velocity 

obtained from a solution of the three-dimensional. theory, given b7 equation 

[21]. I 
An appropriate value of K is therefore the lowest root ot 

/(l-x')(n':..x1
) = h(fx1-1)2 O<>(<I 

(53] 
1 2 

Thus, X depends upon Poisson I s ratio and ranges from X = o. 76 for 

V:Oto X
2

: O,q/ for JJ = 0,5'. For lJ: 0•3, X1 = 0•16. 

Let ting ,n • 0, the shell approaches a fiat plate and equation [ 51] 

reduces in part, to the one obtained by Mindlin (17), 

7Ta [a (2 N- s2)(? - f•) = I 
3 [S4l 

which gives for long wave lengths, d • 0 

1 21r'·N I' s -
3 

I 
I 

' 

. I 
I 

~ 
·• '·· .... 

I 
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I r-a 
that is S = O tor o = 0 , and 7ield1 thus a ditt erent liai ting value than 

tor the shell. For short V&YI lengths, r• OO I the shell equation [Sl] and 

the plate equation [S4], reduce to the aame upreaaion, equation [S2]. 

Neglecting Rotatory Inertia 

Omitting nov the terms with f I in equations or motion [4_2], the 

wave solutions (48] lead to the characteristic equation, 

(2 N- s2)[ ! N1<'1r·r· -i N1T. rs" - ¥77lJ<'Sa ;" 

3 I. l l 1( l l 21 +t N 7r f m l+T2) +2NK rn 
CS51 

,, 1 t 1r2 a 
-.!. N v>< 7r 1J m 1NaKa a O 1.N9 ar-' 2.l 0 t, v m - .!-V -rr , m J = 

3 3 

The solution or equation [55) is plotted as curve @ in Fig. 1. · For long 

waves, f • 0 , S1
: 2~+)>J and. for short waves, f • oo, Sa= X

1 
o For a 

flat plate, m = 0 , and equation [ 55] reduces, in part• again to the 

one discussed by Mindlin (17), in the corresponding case 

Sa = 27r~ f 2. [ 21rl t]-' 
3 (1-ll) / + 3 K-(,-ll) 

(56) 

Neglecting Shear 

Using equations of motion (45), the'membrane effect, flexural stiffness 

and rotatory inertia are includedo The motion will consist of just two modes 

and the characteristic equation is obtained 
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(2N- s1

)[ -r,,.•Nr• + fr•N s•m a+ rir• / I" 

- .J.. .,,. "wi a/; • + 4 rls 1' 1 + .! N ll.,,, 1,,. 1 I2 
' 3 ] 

- 2 Ntr, {lt!J.l) 
12 

+ 2JJNtn 3rr"1f -!_si -,.1.llN · ar l 1 lt 1 J 
3 3 

:: 0 

The solution or equation (57] is plotted as curve© in Fig. 1. For 

long wave lengths, [ • 0, the lower velocity is 

[S7] 

sa = [2(1+~) + m'/,(1-.11)] /(1+i) 
For short wave lengths, f • 00 , the lower wave veloc1t7 will be given 

- 2 - -
1-11 

Which is identical to the one obtained by Mindlin (17) and 11 much too 

large as compared to the Rqleigh wave velocity. If tr> : 0 , Mindlin' s 

(17) corresponding result tor the plate is obtained 

s' = 21rl r1, t l rz]-1 
3(1-») 3 (58] 

Bending Theory 

The bending theory or shells, equations (45], with 1:: 0 leads to 

the characteriatic 'equation 

(_2N-sl)[t,.rr•stfz - .U.Jw.1(,-r!!!..l.) -!N.,,."-1+1 
12. 3 

+ q. rlm
1 ()I+ 1[J2/ = o 

3 

[59] 

ij 

'' ,,, 
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The solution or equation [S9] is plotted u CUJ'Ve (Din Pig. 1. For long 

wave lengths, f • o, the lover limiting velocity is 

S 
1 :: [ 2 (11-ll) + h1 l/ ,(,-.11)] I (I+ !{¾1

) 

For abort wave lengths, d• OO, 

J - -,-)I 
With rr, :0, equation (59] ailllplitiea to 

Sl : .,l7'a. ,a 
3(1-JJ) 

which is a result ot the classical. plate theory. 

Membrane Theory 

[60] 

The classical membrane theory of shells, equations (47] gives rise 

to the characteristic equation 

(61] 

which still contains two modes •. 

The solution of equation [61] is plotted as curve © in Fig. 1. 

For long waves, f • 0 , the lover mode has a velocity S 2 : ,2 (,+'JJ). 

For short waves, f • 00 , the lower mode has a vanishing velocity. For a 

fiat plate., rn: 0 , e.quation (61] reduces to., for any wave length, 

Si= JN 

which is the compressional wave vel.ocity in a plate. This is the only mode 

propagated with a finite velo.city, It is, however, the mode which for tr, :/:o 
is associated with a higher w~ve velocity. 

.-.p- ...... ~~· r~--=··-:, .. -.- - ---
1 

r 
. , 
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Thickneaa - Shear Motion ---
As an alternate way or determining the constant K

2 
in plate theory, 

Mindlin (17) considered the thickness-shear vibration and determined >c' 

by matching frequencies obtained by exact and approxifflate theories. 

Precisely the same can be done tor a cylindrical shell. 

Setting in the present theory 
U:W-:0 A 

i,IAJt 
w - e T,c -

in equations or motion [ 42] , the frequency W is obtained as 

--
which is independent or the radius or curvature R • 

[63] 

Equating the right-hand sides of equations [31] and [63] results in 
I. 

)(1 = -rr ii [64] 

The difference between JC' given by equations [SJ] and [61i] is not large 1 
and vanishes it Poisson's ratio ll • 0.176. 

Discussion or Results --------
The essential results of the present study are visible from Fig. 1. 

The important conclusion which can be drawn is to the effect that it is 

possible to deduce a relatively simple shell theory, which predicts for the 

full range of wave lengths practically the same phase velocities of prop

agated waves ( o:r frequenc'ies of free vibration), as the three-dimensional 

theory. 

Furthermore, it is seen, that for large wave lengths, d < 0.035, the 

elementary membrane shell theory yields, as expected, good results. From 

{ 
~ 
I 

ij 
.... ,, .. 

1•,, 
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this value on, that is it the wave length L is smaller than the mean 

radius or the shell R, (since f = b. B and h was taken as t ) the 
R L l ~0 

shell bending theory must be used, which predicts a miniaUll ot the phase 

veloeit7. An approximate value tor this minimUll may be obtained b7 ob

serving that since bending is important, in this region, the ettect ot 

axial inertia may be neglected. The minimum velocity is thmfound to be 

l - 2 W, J 1-'IJ' 
s,,,;t). - --~ [6r!J u-~Jrr ;J 

and the corresponding value of f is 

which gives 

r_ 2 

; [66] 

-- [67] 

The expression for the minimum velocity suggested by Junger and Rosato (16), 

differs markedly from the one given by equation [65]. For wave lengths 

larger than those given by equation (66), that is if Lis smaller, than, 

say twice the radius R, the curvature terms are practically of no importance 

and the shell behaves like a flat plate, but rotatory inertia and, much more 

so, transverse shear deformation effects, become very significant. 

In summarizing, it may be stated that a thin, or medium thick, shell, 

behaves radically different in propagating a harmonic wave, depending upon 

whether the wave length is smaller or larger than the "transition" length 

given by equation [ 67) o For wave lengths larger than the transition length, 

the shell may be well described by the membrane theory, because all bending 

effects are negligible and curvature terms are predominant. For wave lengths 

smaller than the transition lengthj the shell behaves like a fiat plate, since 

curvature terms become negligible. Thus it appears that act~ally in the 

,,, ..... ' " .. " ....... , ......... . .. . . . . . ' . . " ~ . ' . . . . . . 
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problem on hand, no advanced shell theory is necessary. The full range 

may be .described by the membrane shell theory (tor large wave lengths) and 

b1 t.he Mindlin plate theory (tor short wave lengths). 

The existence or a minimum Jll81 be made plausible physical.17 b7 
I 

obsening that as the wave length becomes smaller, the contribution ot 

7 

radial displacements to the motion becomes larger and therefore the coupling 

with purely radial vibrations becomes stronger, exhibiting in the minillua a 

certain resonance effect. Uter a further decrease ot wave length, the 

• otion becomes essentially fiexural and the coupling gets weaker. A certain 

improvement or the shell theory ottered in this paper may be achieved, by 

matching the frequency or purely radial vibrations obtained from present 

theory; with the one determined from three-dimensional theory (21). This 

would necessitate the appropriate introduction or an additional constant in 

the stress-displacement relations [40] or the present shell theory, which 
l 

would play a role similar to the constant X • 

In conclusion, it should be emphasi1,d that the above remarks are 

valid only tor lower phase velocities and are not necessarily true tor 

velocities or higher modes, for mode shapes, for stresses in the shell and 

for ~roup velocities. Neither are they necessarily valid for non axially

symmetric motions, which shall be investigated by the authors in a forth

coming paper. 

. . .. ... ' . . . ..... ' . . .. " .. ...... ' ' .. . - . ' .... ,, ,. .... -.. .... --,.. . . . .. . . . 
-~ ' . . , 
,,. 
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CAPTION TO FIG. l 

Fig. 1. Axial Phase Velocit7 (Lowest Mode) as a Function or Wave Length. 

(!) 1 Exact Solution or Three-Dimensional Equations and Present Shell 
Theory (including •mbrane, bending, rotatory inertia and shear 
deformation effects). 

@ : Present Shell Theoey, neglecting rotatory inertia effect. 

@ 1 Present Shell Theor,, neglecting shear deformation effect. 

~ Shell Bending Tbeoey 

@ Shell Membrane Theoey 

@ Classical Pl.ate Theory 
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